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Abstract. We prove that on the rational complex bordism ring the Krichever-Hohn genus 

4>kh is the composition ip o k _1 . Here the genus ip corresponds to the formal group law whose 

*•-»' , invariant differential u>(t) equals \/l + pit + P2* 2 + P2* 3 + P4* 4 and k classifies the formal group 

law strictly isomorphic to the universal formal group law under strict isomorphism xCP(i). We 

$-H ' construct certain elements Aj,- in the Lazard ring and give an alternative definition of the 

£-1h' universal Krichever formal group law. This implies that the corresponding coefficient ring is the 

■^^ quotient of the Lazard ring by the ideal generated by all Aij, i,j > 3. 

The general four variable complex elliptic genus 4>kh on MU* <E) Q is defined [B],[7] to be 
determined by the following property: if one denotes by furix) the exponent of the Krichever [5] 
universal formal group law Fkt, then the series 



< 

^ ; h(x) 



JKr\ X ) 



fKr{x) 

satisfies the differential equation 

(0.1) (h'(x)f = S(h(x)), 

where S(x) = x 4 + pix 3 +P2X 2 +P2X +P4, the generic monic polynomial of degree 4 with formal 
parameters pi of weights \pt\ = 2i. 

To generalize naturally the Oshanin's elliptic genus from flf° <g) Q to Q[(i, e] [8., new elliptic 
Y | ■ genus ip is defined in [9] to be the genus ip : MU* <g> Q — > Q[pi,p2,P3,P4] whose logarithm equals 

t+ ' / -7a> w (*) = v / l+Pi^ + P2t 2 +p 2 t 3 +P4i 4 

(f~) ■ and pi are again formal parameters \pi\ = 2i. 

Clearly to calculate the values of ip on CP^, the generators of the rational complex bordism 
ring M[/„ (g> Q = Q[CPi, CP2, ■ • ■ ] we need only the Taylor expansion of (1 + y)~ 1//2 as by above 
Jv>( ' definition 

"£ : (i+pix+ P 2X 2 + P 2X 3 + Pi x 4 y 1/2 = ^ = 5Z ^( CPi ) 



It is natural to ask if there exists similar elementary way, different from formulas in [3], for 
calculation of 4>kh ■ Our result below is the formula of Theorem 10.11 

Let CP(x) = 1 + X)j>i CPiX* and let v{x) := xCP(x) be the strict isomorphism F —> F. So 
that 

v(F(x,y)) = F{v(x),v(v)), 

where F is the universal formal group law. Let log(x) and mog{x) be the logarithm series of F 
and F respectively then 

mog(x) — log(v~ (x)). 
Then let 

k : MU* <g> Q -> MU* (8) Q 

be the classifying map of F. Then n{log{x)) = mog(x) therefore k(CPj) is determined by equating 
coefficients at x l in 
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K (CP,) l+l ^ CP 2 



(0.2) V ^^iZ^+i = V ^-{v~\x)Y+\ 

y ' ^ l + l ^ t + l y y " 

i>l i>l 

For instance 

k(CPi) = -CPi; 

k(CP 2 ) = 3CP? - 2CP 2 ; 

k(CP 3 ) = -10CPJ + 12CPiCP 2 - 3CP 3 ; 

k(CP 4 ) = 35CP* - 60CP?CP 2 + 2OCP1CP3 + lOCP^ - 4CP 4 . 



Theorem 0.1. 4>kh =tpoK 1 . 

We need the following 

Lemma 0.2. Let F be the universal formal group law and F be its isomorphic under the strict iso- 
morphism v{x) = iCP(i) as above. Letexp be the exponent ofF. The series jj-r: — exp(x) / exp' (x) 

is reversible, and let j{x) be its reverse, then j(x) — mog{x), the logarithm series of F. 



Proof. Note that 



r\lo 9 {x))= ^fl =xCV { x) 
exp' ylogyx)) 



hence by definition of v{x) one has 

j- l (mog(x)) = 3 - l {log{v-\x))) = v~ l {x)CV (v' 1 (x)) = x 

as iCP(i) = v{x). D 

The following lemma completes the proof of Theorem 10.11 

Lemma 0.3. Let Co = ,, x be the invariant differential form of the formal group law F above. 
Then the condition of Krichever-Hohn (I0.1[) is satisfied if and only if Cu(x) 2 is a polynomial of 
degree 4- 

Proof. Since the series j{x) is reversible, the condition (|0.1|) is equivalent to 

(ti(j(x))f = S(h(j(x))). 

But h{j(x)) = 1/x, hence 

{ho 3 )'{x) = ti( 3 \x)) 3 '(x) = ~l/x 2 1 
so that 

h'(j(x)) = -£j(x)/x 2 . 
It follows that the condition (|0.1j) is equivalent to 

£j{x) 2 = x 4 S(l/x) 

where on the right hand side one clearly has a degree four polynomial. □ 

Now let us turn to universal Krichever formal group law and give its alternative equivalent 
definition announced in [2J. 

Let F(x, y) be the formal group law of geometric cobordism [IT]. Following Quillen [T2] we will 
identify it with the universal Lazard formal group law. Let uj(x) — — q' v (x, 0). 

In [4] V. M. Buchsteber has given the analytical solution of a functional equation for the 
exponent of the formal group law of the form 



(0.3) F B (x,y)=J2 



dijX y 



, , _ A(y)x 2 - A(x)y 2 



B(y)x - B(x)y 



Lemma 0.4. Let J- be the formal group law of the form !Fb, with B'(0) — ^4'(0). Then B{x) 
coincides with restricted u(x), that is B{x) is the image of u)(x) under the ring homomorphism of 
the hazard ring classifying the formal group law J- . 

For this note that if our series A and B have form 

A(t) = A + A^ + A 2 t 2 + 0(t 3 ) 

and 

B(t) =B + Bit + B 2 t 2 + 0{t 3 ), 
then 

Fix, y) = -£-(x + y) + 0(xy). 
Bq 

So if J-(x, y) is a formal group law we must have Aq = Bq, and after dividing the numerator and 

denominator appropriately we may assume that Aq = Bq = 1. We then furthermore calculate 

oo 

T{x, y) = x + y + A x xy + ^ B0y + xy l ) + 0{x 2 y 2 ). 

i=2 

We thus have 

a u =Bi,i> 2, an = A 1 = A'(0) = B'(0) 

and 

1 + ^aut 1 

z>l 

is restricted (1 + E^iIGP*]**) -1 = uj(t). D 

Let us now present a minor modification of the analysis of Tb performed in |10| and as Lemma 
10.41 suggests to introduce 

(0.4) A(x,y) =J2 A iJ xi V J = F(x,y)(xuj(y) - yuj(x)). 

We define the universal Nadiradzc formal group law J-jv by the obvious classifying map of the 
Lazard ring to its quotient ring by the ideal generated by all A^ with i,j > 3. 

Proposition 0.5. Let L be the Lazard ring. Then 

i) lu'(x) — u/(0) = 2xu)(x) in L[[x\], where lu(x) — E*>i ^iX l ~ . 
ii) One has in L[[x,y]]/(xy) 3 

A(x, y) = (xu(y) + yuj{x) - u'(0)xy) (xu(y) - yu(x)) + (uj(x)uj(x) - u(y)u(y)) x 2 y 2 . 

Proof. Let / and g be the exponent and logarithm of F respectively. Hence F(x, y) — f(g(x)+g(y)) 
and 

(0.5) f'{x) = l/g'(f(x)) = «(/(*)), f'(g(x)) = u(f(jg{x)) = u{x). 

Let oj(x) = 1 + fox + b 2 x 2 + ■■■. Then as g"(Q) = -/"(0) = -u/(0) = -bi we have 
d 2 F , 
dy 2 

This implies i) as the left hand side of (|0.6|) has factor 2, and ui(x) is invertible. ii) Because of 
antisymmetry we have modulo (xy) 3 



(°-6) — (*, 0) = f"{g{x)) + f'(g(x))g"(0) = u'{x)w{x) - oj'(0)oj(x) 



A{x, y) = A(y)x 2 - A(x)y 2 = ^{A l2 x 2 y l - A l2 x l y 2 ). 

We want to calculate — E Ai 2 x l in terms of co(x). 

Applying -$s(x, 0) to (|0.4[) and taking into account (|0.5p and (J0.6I) one obtains 

-2 ^2 A ii xi = xu{x)u'{x) - xuj'(0)uj(x) + 2xoj'(Q)u(x) - 2lu 2 (x) + 2b 2 x 2 
As the coefficients are in the Lazard ring this implies 
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E, , , . U)'(x) — W'(0) ,.„. , . o, . 

A l2 a; = xu{x) — —?— — + xw (0)u{x) - u (x) + b 2 x 



2 



Therefore 

ZiAaxY - A l2 x l y 2 ) = 

(xuj(y) + yuj(x))(xuj(y) - yuj(x)) - u' (0)xy(xu(y) - yuj(x)) + uj(x)uj(x)x 2 y 2 - uj(y)ui(y)x 2 y 2 . D 

In order to compute the Krichever genus on the coefficients of the formal group law of geometric 
cobordism in [5] the universal Krichever formal group law Tk r is defined as 

(0.7) TkAx, y) = xb{y) + yb(x) - b {0)xy -\ — — x y , 

xb(y) - yb{x) 

where (3(x) — 2 x ■ -^ so ^ i s proved in [5] that 

dy 
Lemma 10.41 and Proposition 10 . 51 ii) imply that Tkt can be alternatively defined by the classifying 
map of J-jv if relabel the restriction of the invariant form to(x) as b{x). Thus .F/v = Fur- 

Following [1] in [3] the authors consider the following formal group law corresponding to 
Krichever genus 



T / \ / \ , / \ uyaij — u.yu.2 2 

■rb(Ui,U2) = UiC{U2) + U 2 C(Ui) - auiu 2 -, r -, tU x U 



d{ui) - d{u 2 ) 2 2 

7 \ 7 T w 1^2 - 

UiC(u 2 ) — U2C(Ui) 



It follows from Lemma [0.41 and Proposition 10.51 ii) that (if specify c'(0) = a) Fbix^y) coincides 
with (|0.7p . that is c(x) = b(x) and d(x) = —b(x)fi(x). 



Theorem 0.6. J-^ = Tkt — Fb an d the coefficient ring is the the quotient of the hazard ring by 
the ideal generated by all Aij with i,j > 3. 

In [1] we calculated on MAPLE the coefficient ring of Nadiradze formal group law J 7 ^ up to 
dimension 26. Namely there is a set of polynomial generators z\, Z2, ■■■ of the Lazard ring for which 
the low degree defining relations are 

5z 5 = z 2 z 3 + 2ziz 4 , 2z 6 = 0, ziz e = 0, z 3 z 6 = 0, z w = 0, z 5 z 6 = 0, z 12 = 0, 

and 7zj, 2zs, 3zg, Uzu, and 13zi3 are decomposable. For the space reason we omit here these 
long decompositions. Note that our calculations agree with the results in [5] on the structure of 
the coefficient ring of Tk r obtained in terms of associativity equation. The new information here 
concerning the Krichever group, and hence the Krichever genus, is that as the relations zva = 0, 
z\2 = imply in dimensions 20 and 24 there is no indecomposable elements. The question arises 
in which dimensions any element is multiplicatively decomposable. 
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